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Motivation:

What can we learn from the decays π0(η) → γγ at
T 6= 0 / ρ 6= 0 ?

1) Pseudoscalar mesons observables (masses, decays, life-
times) might carry relevant information related to possible
restoration of symmetries under extreme conditions (quark-
gluon plasma);

2) Both χ S and UA(1) S are restored or only χ S?

• π0:

– non strange meson ;

– best ”Goldstone – like” boson;

– mass due to explicit breaking of χ S;

• η:

– % of strangeness;

– mass due to explicit breaking of χ S and UA(1) S;

3) Will there be suppression or enhancement of those decays
in medium?
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Model and formalism:

• SU(3) NJL model with ’t Hooft determinant.

The Lagragian is:

L = q̄ (i∂ · γ − m̂) q +
gS

2

8
∑

a=0

[(q̄λaq)2 + (q̄(iγ5)λ
aq)2]

+ gD[det[q̄(1 − γ5)q] + det[q̄(1 − γ5)q]] . (1)

which can be rewritten as:

L = q̄ (i∂ · γ − m̂) q +
1

2
{(q̄λaq)Sab(q̄λ

bq) + (q̄(iγ5)λ
aq)Pab(q̄(iγ5)λ

bq)} , (2)

where:

Sab = gSδab + gDDabc < q̄λcq > , (3)

Pab = gSδab − gDDabc < q̄λcq > . (4)

The hadronization procedure is making via the functional integral

Z ∼
∫

dqdq̄ exp {iWeff [q, q̄]} , (5)

where the quark effective action is:

Weff [ϕ, σ] = −1

2

(

σaS−1

ab σb
)

− 1

2

(

ϕaP−1

ab ϕb
)

−iTr ln[i(γµ∂µ) − m̄ + σaλ
a + (iγ5)(ϕaλ

a)] . (6)

The first variation of the action =⇒ Gap Equations

Meson effective action =⇒ Meson Propagators, gMq̄q, fMq̄q,...

• P. Costa et al., EPL (02), P. Costa et al., PLB (03), P. Costa et al., PRC (04)
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• Parameters and results:

Λ mu = md ms gSΛ
2 gDΛ5

[Mev] [Mev] [MeV]

602.3 5.5 140.7 1.835 -12.36

mπ fπ mK mη mη′ Mu = Md Ms

[Mev] [MeV] [MeV] [MeV] [MeV] [MeV] [MeV]

135.0 92.4 497.7 514.8 957.8 367.7 549.5

• S.P. Klevansky et al., PRC (96), P. Costa et al., EPL (02), P. Costa et al., PRC (04)

• Formalism at finite temperature and density:

Generalize the NJL model to the finite temperature and chemical poten-
tial case =⇒ applying the Matsubara technique:

∫ d4p

(2π)4
−→ 1

−iβ

∫ d3k

(2π)3

∑

n
, (7)

• β = 1/T (T → temperature);

• ωn = (2n + 1) π
β

, n = 0 ,±1 ,±2 , ....,→ Matsubara frequencies;

• k0 −→ iωn + µ (µ → chemical potential);

• Integration over k0 → sum over Matsubara frequencies.
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Gap equations:

Mi = mi − 2 gS << q̄i qi >> − 2 gD << q̄j qj >><< q̄k qk >> (8)

with

<< q̄i qi >> = 4I i
1(T, µi) (9)

⇓
quark condensates at finite T and µi;

•

I i
1(T, µi) = − Nc

4π2

∫ k
2dk

Ei

(

n+
i − n−

i

)

; (10)

•

I ii
2 (P0, T, µi) = − Nc

2π2
P

∫ k
2dk

Ei

1

P 2
0 − 4E2

i

(

n+
i − n−

i

)

; (11)

where

•

n∓
i = n∓

i (Ei) =
1

1 + e±(Ei±µi)
(12)

are the Fermi distribution functions;

• Ei = (k2 + M 2
i )1/2;

• Mi → mass of the constituent quarks.
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• Asymmetric quark matter with strange quarks
in β equilibrium:

• β equilibrium:

µd = µs = µu + µe (13)

• charge neutrality:

2

3
ρu −

1

3
(ρd + ρs) − ρe = 0, (14)

• quark particle number density:

ρi =
1

π2
(µ2

i − M 2
i )3/2θ(µ2

i − M 2
i ), (15)

• electron particle number density:

ρe =
µ3

e

3π2
, (16)

• baryon particle number density:

ρB =
1

3
(ρu + ρd + ρs). (17)
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π0 propagator:

The mass of the π0 meson can be determined via the condition

( 1 − KP Juu(P0 = mπ0,P = 0) ) = 0 (18)

with:

•
KP = gS + gD << s̄s >>; (19)

•
Jii(P0) = 4(2I i

1(T, µi) + P 2
0 I ii

2 (P0, T, µi)) ; (20)

• Quark–pion coupling constant:

g−2
π0qq = − 1

2mπ0

∂

∂P0
[Juu(P0)]|P0=m

π0
. (21)
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η propagator:

The mass of the η meson can be determined via the condition

D−1
η (mη,0) = 0 , (22)

where

D−1
η = (A + C) −

√

(C − A)2 + 4B2 (23)

with

•







































A = P88 − ∆Π00;

B = −P08 − ∆Π08;

C = P00 − ∆Π88;

∆ = P00P88 − P 2
08;

•



























P00 = gS − 2
3gD (<< q̄u qu >> + << q̄d qd >> + << q̄s qs >>) ;

P08 = 1
3
√

2
gD (<< q̄u qu >> + << q̄d qd >> −2 << q̄s qs >>) ;

P88 = gS + 1
3gD (2 << q̄u qu >> +2 << q̄d qd >> − << q̄s qs >>) ;

•



























Π00 = 2
3

(

Iuu(m
2) + Idd(m

2) + Iss(m
2)

)

;

Π08 =
√

2
3

(

Iuu(m
2) + Idd(m

2) − 2Iss(m
2)

)

;

Π88 = 1
3

(

Iuu(m
2) + Idd(m

2) + 4Iss(m
2)

)

;
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• T = 0, ρ 6= 0 :

η

π

η

η

π

µ

µ µ

µ

Left Panel: a) Mesonic masses as function of the baryonic density; b) Meson-quark-
quark coupling constant.
Right Panel: up – mixing angle θ; down – Constituent quark masses and chemical
potentials as function of density.
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• ρ = 0, T 6= 0 :

η

π

θ

π0

π

π0

η

η

η

η

η

η

Left Panel: Mesonic and quark masses (upper panel) and the mixing angle θ (lower
panel) as functions of temperature.
Right Panel: meson quark coupling constants as functions of temperature.
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The decay M → γγ

• M → π0, η

The transition amplitude of the decay M → γγ is described by the two triangle
diagrams

p

p + q2

p − q1

γ(q2)

γ(q1)

π0, η

ν

µ

+ p

p + q1

p − q2

γ(q1)

γ(q2)

π0, η

µ

ν

Figure 1: The quark triangle diagram for the η, π0 → γγ (direct and exchange process).

and reads:

T̃M→γγ(P, q1, q2) = i
∫ d4p

(2π)4
Tr {ΓMS(p − q1)ε̂1S(p)ε̂2S(p + q2)}

+ exchange. (24)

• ε̂1,2 photon polarization vector with momentum q1,2;

• Tr = trctrftrγ;

• vertex function of the M–meson: ΓM = iγ5gMqq.
Using the kinematics:

P = q1 + q2, (25)

P = (mM ,0). (26)



Pedro Costa
SQM 2004, 15-20 Sep. 2004

13

Transition amplitude:

• π0 :

|Tπ0→γγ|2 = (32πα)2|gπ0qqI
u
π0|2 . (27)

• η :

|Tη→γγ|2 = (32πα)2

27 | cos θ(5gηqqI
u
η − 2gηssI

s
η)

−
√

2 sin θ(5gηqqI
u
η + gηssI

s
η)|2.

(28)

with

I i
M(P ) = iMi

∫ d4p

(2π)4

1

(p2 − M 2
i )[(p − q1)2 − M 2

i ][(p + q2)2 − M 2
i ]

. (29)

Applying the Matsubara technique:

I i
M(P0,P = 0) = −Mi

4π2

∫ ∞

0
dp

p

E2
i

1

4E2
i − P 2

0

ln

(

Ei + p

Mi

)

[

n+

i − n−
i

]

. (30)

The decay width:

ΓM→γγ =
m3

M
64π |TM→γγ|2 . (31)

The decay coupling constant:

gM→γγ =
TM→γγ

e2 . (32)
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Numerical results at T = ρ = 0:

NJL Exp.

|Tπ0−>γγ| [eV]−1 2.5 × 10−11 (2.5 ± 0.1) × 10−11

π0 Γπ0−>γγ [eV] 7.65 7.78(56)
gπ0γγ [GeV]−1 0.273 0.275

|Tη−>γγ| [eV]−1 2.54 × 10−11 (2.5 ± 0.06) × 10−11

η Γη−>γγ [KeV] 0.440 0.465
gηγγ [GeV]−1 0.278 0.260
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• π0 :

π0 γγ
Γ (π

0  −
> 

γγ
) 

 1
02  (

)
π0  −

> 
γγ

Transition amplitude, decay width and π0 → γγ coupling con-
stant as functions of temperature and baryonic density.
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• Behavior of π0 at finite T and ρ essentially reflects the

restoration of SU(2) χ S:

– T = 0, ρ 6= 0 :

1. mπ0 ≈ mσ → as the density increases;

2. fπ0 → 0;

3. gπ0q̄q → decreases (π0 less coupled to quarks)

– ρ = 0, T 6= 0 :

1. mπ0 ≈ mσ → as the temperature increases;

2. T π0

Mott ≈ 212 MeV

• π0 → γγ observables:

– T = 0, ρ 6= 0 :

1. Mu and gπ0q̄q decrease with density ⇒ Tπ0→γγ and gπ0→γγ

decrease.

2. Γπ0→γγ:

∗ ρ ' 2.5ρ0 → maximum;

∗ two competitive effects: the decrease of the transition ampli-

tude and, the increase of the π0 mass;

∗ ρ > 2.5ρ0 → the two photon decay of the pion becomes less

favorable.

– ρ = 0, T 6= 0 :

1. two competitive effects: The decrease of gπ0q̄q and the increase

of Iu
π0 ⇒ Tπ0→γγ and gπ0→γγ increase smoothly until T π0

Mott.

2. Γπ0→γγ ⇒ sharp increase due Mπ0 increasing.
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• η :

ηγ
γ

Γ (η
 −

> 
γγ

) 
 1

02  (
)

η 
−>

 γ
γ

Transition amplitude, decay width and η → γγ coupling con-
stant as functions of temperature and baryonic density.



Pedro Costa
SQM 2004, 15-20 Sep. 2004

18

• Behavior of η at finite T and ρ in β equilibrium
reflects:

– T = 0, ρ 6= 0 :

1. restoration of χ S in strange and non strange sectors;

2. the evolution of η quark structure:

|η > = cos θ
1√
3
|ūu + d̄d − 2s̄s >

− sin θ

√

√

√

√

√

2

3
|ūu + d̄d + s̄s > . (33)

∗ ρ > 3.8ρ0 ⇒ existence of strange valence quarks;

∗ ρ ' 3.5ρ0 mixing angle θ changes sign;

∗ ρ > 3.8ρ0 η is more strange.

– ρ = 0, T 6= 0 :

1. T η
Mott ≈ 180 MeV

• Behavior of η → γγ observables:

– Qualitatively similar to π0 → γγ at T 6= 0 and ρ 6= 0.
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Summary:

• Good agreement with data at T = 0, ρ = 0;

• In spite of the different structure of these mesons,
π0 and η decays exhibit a qualitatively similar
behavior at finite T and ρ;

• This behavior mainly reflects the restoration of
chiral symmetry χ S;

• The anomalous decays of π0(η) → γγ are signifi-
cantly affected by the medium;

• The enhancement of width is probably not suf-
ficient to lead to lifetimes shorter than the ex-
pected lifetime of the fireball ⇒ The decays are
probably observed only after freeze-out: τπ0→γγ ≈
10−17 s; τη→γγ ≈ 10−18 s >> τfireball ≈ 10−22 s .


